We present a non-Hermitian theory of atomic and molecular absorption, which enables computing the absorption spectrum of multi-electron atoms and molecules without using any fitting parameters. We propose a method for optically inducing exceptional points in atomic systems, and show that slight changes in the laser parameters may lead to dramatic changes in the absorption lineshape. We demonstrate these predictions for helium using exact ab-initio electronic-structure data. Finally, we derive a simple formula for the Fano asymmetry factor and evaluate it for a model xenon atom.
The goal of optical absorption theory is to relate the absorption spectrum to the electronic structure of the sampled material [1] [2] [3] . For multi-electron atoms and molecules, electronic-structure calculations can be challenging and even impossible, since electron-electron interactions make the problem grow exponentially hard with system size [4] . However, recent progress in computational quantum chemistry allows handling large systems by combining post-Hartree-Fock methods [4, 5] with nonHermitian quantum mechanics (NHQM) [6] [7] [8] [9] [10] . In this work, we use NHQM to obtain a new formula for the absorption spectrum, which enables computing the absorption near transitions to highly-excited Rydberg and metastable states-a task that was previously impossible. Our formula depends only on the resonant energies, lifetimes, and transition dipole moments [Eq. (5) ], which can be obtained from available quantum chemistry methods [11, 12] . Moreover, we obtain a simple expression for the asymmetry of the absorption peaks [Eq. (7) ] (the socalled "Fano factor" [13] ). We find that the asymmetry is proportional to the ratio of the imaginary and real parts of the transition dipole moment. Fig. 1 demonstrates these results for a model xenon atom.
Particularly intriguing absorption properties arise when two electronic states coalesce and form an exceptional point (EP)-a special type of non-Hermitian degeneracy where two states share the same energy and wavefunction [14, 15] . Recent work on spontaneous emission shows that emission rates can be dramatically enhanced due to EPs in Maxwell's equations [16] . Motivated by this prediction (and by the plethora of counterintuitive phenomena associated with EPs [17] [18] [19] [20] [21] [22] [23] ), we expect to find similar enhancements in the absorption spectrum. Indeed, we find that in some cases, the absorption is significantly enhanced at the EP, while in others, it actually vanishes (see Fig. 2 ). We propose a method to measure the signature of EPs on the absorption spectrum by using a combination of a "dressing laser," which * adipick@technion.ac.il couples two metastable states and creates an EP, and a "probe laser," which measures the absorption. In this approach, the probed system is time-dependent, and we use Fermi-Floqet theory [24] to express the absorbed power in terms of Floquet states [Eq. (11) ]. Since the latter may be difficult to compute, we also present an alternative formula in terms of field-free states [Eq. (E2)]. We evaluate our formulas using ab-initio electronic-structure data for helium in Fig. 3 , and demonstrate that small changes in laser parameters may lead to drastic changes in the absorption. Although previous predictions of EP effects in atomic systems exist [25] [26] [27] , our proposal can be readily tested using available experimental platforms [28, 29] .
Let us begin by reviewing absorption theory in Hermitian quantum mechanics (HQM). Consider an atom or molecule in the ground state in the presence of a linearly polarized laser field, E. The laser induces transition from the ground state, |φ i , into the excited states, |φ f , at a rate given by Fermi's golden rule [30] . Apart from unimportant factors, the absorption spectrum is given by [3] :
Here, ω and |E| are the frequency and amplitude of the field, ε i,f are the initial and final-state energies, and we use atomic units. The symbol f denotes summation over discrete-and integration over continuous realenergy states. Using a mathematical identity for the δ-function [3] , we rewrite Eq. (1) as
Then, by using the normal-mode expansion of the excited states' Green's function [31] , G(ε) ≡ f |φ f φ f |/(ε − ε f ), one finds that Eq. (2) can be written as [32, 33] :
with G evaluated at ε = ω + ε i . Since the evaluation of Eq. (3) gets impractical for large systems, we use NHQM to derive a more efficient formula. First, we briefly review key concepts from NHQM. In NHQM, one includes loss processes (e.g., ionization and dissociation) by allowing only outgoing-wave solutions of the Schrödinger equation (which have asymptotically diverging tails). A standard approach for implementing outgoing boundary conditions is by "complex scaling" the spatial coordinates via x → xe iθ [14] , thereby making outgoing solutions square integrable. Instead of the real-energy continuum states of HQM, one obtains two kinds of complex-energy states: discrete θ-independent resonances and θ-dependent continuum states. In NHQM, we replace the usual conjugated inner product, φ i |φ j ≡ dx φ * i φ j [30] with the unconjugated
, where right and left states are the eigenvectors of the Hamiltonian and its transpose respectively. Note that in contrast to φ i |φ i , the C-product (φ L i |φ R i ) can vanish, and it does at an EP. This is the "self-orthogonality" property [14] , which leads to the special absorption features shown below.
Next, we invoke a central result from NHQM [34] and replace the Hermitan normal-mode expansion of G in Eq. (3) with the non-Hermitian modal expansion [14, 16] :
Eq. (4) is valid as long as the denominator, (φ L f |φ R f ) is non-zero, i.e., away from an EP. The special case of EPs is discussed below. Assuming that the initial state is bound, we can replace |φ i and φ i | in Eq. (3) with |φ Hamiltonian is equal to the conjugated right eigenvector belonging to the same eigenvalue). Using the abovementioned replacements, we obtain the NHQM formula:
This formula is the first main result of the paper. It can be evaluated for any system, given the complex energies, ε m , and transition dipole moments, (φ L m |x|φ R n ). Note that our formula [Eq. (5) ] generalizes the result of Fukuta et al. [35] , which analyzed a simple toy model.
Next, we calculate the asymmetry of spectral peaks near the resonant frequencies. According to traditional absorption theory, the spectrum near an isolated resonance with frequency Ω and width γ has the form [13] 
where S 0 (ω) is the background absorption due to continuum states and the remaining expression is the relative resonant absorption. The parameter q determines the asymmetry of the lineshape near the peak. The limit of q → ∞ implies a Lorentzian, while q 1 yields a strongly asymmetric profile. By taking the ratio of the symmetric and anti-symmetric parts of Eq. (5) near an isolated resonance, ε f and comparing with Eq. (6), we obtain:
where we introduced:
). The derivation of Eq. (7) is given in appendix B. Our result generalizes the toy-model result of Fukuta et al. [35] . The sign of q (which indicates whether the absorption peak is blue or red shifted) is determined by the sign of Im µ 2 ij . Eq. (7) provides a simple intuition: While long-lived resonances have nearly real orbitals and transition dipole moments, producing Lorentzian absorption peaks, high losses are associated with strongly asymmetric peaks.
As an example for application of Eq. (5), we compute the absorption spectrum of xenon. We employ an approximate model from [36] (which matches the experimental results in [37] ) and replace the multi-electron atom with a single active electron in a parent-ion potential. Figure 1(a) shows the effective potential, V (r), and the four lowest-energy states ψ 1 , . . . , ψ 4 , obtained by solving the Schrödinger equation with outgoing boundary conditions. (Details are given in appendix A.1.) This potential has two bound states, ψ 1,2 , and one resonance, ψ 3 , below the potential barrier (at ε ≈ 4). Panel (b) shows resonant absorption at frequencies near the transition 2 ↔ 3. Since the state ψ 3 is below the barrier, it has a relatively long lifetime and the corresponding absorption peak is approximately Lorentzian (with q = 3.13). In contrast, the energy of the state ψ 4 is above the barrier and, hence, has a much shorter lifetime. Therefore, the absorption lineshape near the 1 ↔ 4 transition frequency is strongly asymmetric [with q = −0.84, as shown in panel (c)].
Let us now consider the special case of resonant absorption at EPs. At an EP, Eq. (5) becomes invalid due to self-orthogonality of the degenerate eigenvector, (φ L EP |φ R EP ) = 0. One could naively expect that the absorbed power would grow unboundedly at the EP; However, when taking the limit of approaching the EP correctly, one finds that two terms in Eq. (4) diverge with opposite signs and a finite contribution remains [16] The culprit for the failure of Eq. (5) at an EP is the modalexpansion formula [Eq. (4)], which breaks down when the set of eigenvectors does not span the Hilbert space. In appendix C, we remedy this issue by introducing additional Jordan vectors, |j EP ) [15] . We find that near the EP, the spectrum is dominated by the term
The second-order pole at the degenerate eigenvalue ε EP is the source for the special EP properties shown below. [38] Next, we describe a scheme for probing the effect of optically induced EPs. We propose using a combination of two lasers: A "dressing laser," which couples two metastable states and brings them close to an EP, and a weak "probe" that measures the absorption of the dressed system. We denote the Hamiltonian of the dressed system by H 0 and the interaction with the probe by Ex. Since H 0 is periodic, it has Floquet solutions [40] :
Here, Φ α,m and ε α,m are the eigenvectors and eigenvalues of the Floquet Hamiltonian,
The quasienergies are frequency-periodic, ε αm = ε α,0 + m ω, and the eigenvectors obey Φ αm (t) = Φ α,0 (t)e iωmt . The quantum number m is called the "Floquet channel."
The absorption spectrum of time-periodic systems can be obtained from the Fermi-Floquet golden rule [24] , which states that the transition probability from an initial state |Φ i,0 ) into final states |Φ f,m ) is given by: (a)
(a) Toy potential and four lowest energy states. Red and blue arrows mark the dressing and probe lasers.
. Inset: Coalescence of eigenvalues in the complex-energy plane. (c) Absorption spectrum near the 1 ↔ 2 transition for four dressingfield amplitudes, E/EEP = 1 (blue), 2 (yellow), 4 (green), and 8 (red), demonstrating 4-fold enhancement at the EP. Here, EEP is the amplitude at the EP. Inset: Another toy potential (appendix A2.4), for which the absorption vanishes at the EP.
(The theorem is derived in [24] and reviewed in appendix D.) Here, ε i,0 and ε f,0 are the quasienergies of the ground and excited states in the zeroth Floquet channel, and we introduce double brackets:
, which define the orthogonality relations between Floquet states. Following the same steps as in the derivation of Eq. (5), we obtain:
This result is valid whenever the probe does not alter the energy levels of the dressed system, which is a standard assumption in optical absorption spectroscopy. In order to evaluate Eq. (11), one needs to find time-dependent Floquet states, which usually requires expensive computations. In appendix E, we rewrite Eq. (11) in terms of field-free states and eigenvectors of the Fourier-basis Floquet Hamiltonian [Eq. (E2)]. Our formula can be evaluated using standard quantum-chemistry codes, and is the second main result of the paper. Let us apply Eq. (11) to study absorption in a toy model, whose parameters can be adjusted to demonstrate both enhancement and inhibition of absorption at EPs. Our model includes a single-electron atom with the po- tential shown in Fig. 2(a) . First, the model parameters are tuned to obtain one bound state (ψ 1 ) and three negative-energy resonances (ψ 2,3,4 ) (details are given in appendix A.2.1). The "dressing laser" couples the states ψ 2 and ψ 3 . An EP forms, by the general rule of thumb, when the coupling between the two metastable states (i.e., the product of the transition dipole moment and the field amplitude) equals the difference between their decay rates (see appendices A.2.2-3). We compute the absorbed power near the transition 1 ↔ 2. Since the dressing laser is very far off resonance with the probed transition, the problem is adequately described by the perturbative approach of Eq. (11) . Panel (b) shows the inverse unconjugated inner product [39] , indicating that the degenerate state becomes self-orthogonal at the EP. The inset shows coalescence of eigenvalues in the complex-energy plane. Panel (c) shows the absorption spectrum, calculated for four dressing-field amplitudes: at the EP (blue) and when it is twice (yellow), four times (green), and eight times (red) larger than the amplitude at the EP. One can clearly see that the absorption peak at the EP (blue) is significantly larger than the peaks far from the EP (red): The left peak increases by a factor of four, while the right peak increases by a factor of five. The inset in (c) shows another example of absorption near an EP (see appendix A.2.4 for details). In contrast to the main plot, now the absorption vanishes at the EP. In both examples, an EP forms by equally populating resonances with different lifetimes. In the main plot, the probe couples the ground state to the long-lifetime state and the absorption into each of the coalescing states adds up coherently, leading to enhancement. Conversely, in the inset, the probe couples to the short-lifetime state and the contributions add up destructively.
Finally, we apply our formulas to study helium using ab-initio results from [11, 12] (details are given in appendix A.3). The energy levels are shown in Fig. 3(a) , labeled according to the approximate Hartree-Fock orbitals. All states below the ionization threshold are bound, while all double-excitation states are metastable. The dressing laser couples the states 2s 2 and 2s2p and the probe frequency is centered around the transition 1s 2 ↔ 2s2p (in the XUV range). Panel (b) shows the coalescence of Floquet-state pairs, 2s
2 and 2s2p, from neighboring Floquet channels. Panel (c) shows the periodic absorption spectrum at four dressing-field amplitudes near the EP [41] . Similar to the toy model [ Fig. 2] , we get approximately four-fold enhancement when two peaks merge at the EP (comparing the peaks of the blue and purple curves). When the dressing-field amplitude becomes much greater than ε EP , pairs of resonances merge again at ordinary degeneracies, called diabolical points (DPs), as shown in panels (d-e). Clearly, the enhancement near EPs is significantly larger than DPs (i.e., four-fold instead of two-fold).
To summarize, we presented an ab-initio formula for the absorption spectrum, which can be applied for multielectron systems using modern quantum chemistry tools. We analyzed absorption properties near EPs and provided realistic examples where slight changes in the laser parameters lead to dramatic changes in the absorption. One could potentially obtain even larger (orderof-magnitude) enhancements by coupling more than two resonances (e.g., eight-fold enhancement is expected near third-order EPs [42] ). Finally, similar ideas can be applied to design semiconductor devices with controllable absorption properties, which may have a wide range of applications (using a similar platform as in [43] Although electronic-structure calculations of large systems are possible, they typically require expensive computational power. In the main text, we use a simple model to obtain the relevant features of the electronic structure of a xenon atom. Our model assumes that the atom has a single active electron, while all other electrons and protons produce an effective potential of the form:
This model was originally introduced in [36] . The first Gaussian term is the binding potential of the atomic core while the second term represents the centrifugal barrier, which supports a positive-energy resonant state. The model parameters were obtained in [36] by fitting the calculated energy levels to the measured absorption spectrum reported in [37] . This procedure gives: a 0 = 7.1, b 0 = 1, a 1 = 4.5, b 1 = 0.5, and r 0 = 1.23 a.u. We compute the energy levels by solving the timeindependent Schrödinger equation with outgoing boundary conditions, i.e., keeping only outgoing-wave solutions.
We introduce Fourier basis function
to write the Hamiltonian in matrix form. We use discrete variable representation (DVR) [44, 45] to obtain the potential term in the Hamiltonian and introduce a reflection-free complex absorbing potential (RF-CAP) [6, 7] to implement out-going boundary conditions.
A.2. One-dimensional toy model

A.2.1. The potential function
In this section, we give some details about the toy potential from Fig. 2 in the main text. Recall that in order to demonstrate the effect of EPs on the absorption spectrum, we use a dressing laser (which couples two excited states and forms an EP) and a probe laser (which drives transitions from the ground state into the EP state). Our formula for the spectrum Eq. (11) (similar to any theory that uses Fermi's golden rule as the starting point of the derivation) contains two hidden assumptions: (1) The probe laser should not drive transitions between the excited states and (2) The dressing laser should not drive transitions from the ground state into the EP state. To this end, we need to construct a potential with two resonant transitions that have drastically different frequencies. Since the spectral mode spacing (free spectral range) of a particle in a finite box of size L is proportional to 1/L, we achieve our goal by placing a wide-well potential (with large L and narrow spacing) on top of a narrow well (with small L and dense mode spacing). We construct one-dimensional wide and narrow potential wells by using:
Here L and v are the width and depth of the well, and A is the smoothing parameter. Our toy potential is of the form
as shown in Fig. 4 . Here, f 1 and f 2 are the potentials of the wide (blue) and narrow (red) wells, and f 3 is the potential barrier (cyan). The functions are constructed using Eq. (A2), with parameters
In order to find the energy levels of the field-free Hamiltonian, we follow the same steps as in appendix A.1: We introduce Fourier basis states to obtain the matrix-form Hamiltonian, use DVR to construct the potential term in the Hamiltonian, and introduce RFCAPs to implement outgoing boundary conditions. 
A.2.2. Construction of the Floquet Hamiltonian
In this section, we explain how to construct the Floquet Hamiltonian and find its eigenvalues and eigenvectors, which appear in Eq. (11) in the main text. We wish to solve the Floquet eigenvalue problem
where
In order to solve Eq. (A5) numerically, we introduce M temporal Fourier basis states, f m (t) = e iωmt , and N spatial field-free states, φ FF µ (x). Invoking the completeness relation,
we can rewrite Eq. (A5) in matrix form:
or in shorthand notation:
where H is block diagonal, with block size M × M . The diagonal blocks are associated with the first and last terms in Eq. (A6)
and the off-diagonal elements come from the second term:
.3. Exceptional points in the Floquet Hamiltonian
To get an initial guess for the location of the EP, it is convenient project the full Hamiltonian onto the fieldfree excited states ψ 2 and ψ 3 and use the rotating wave approximation, which gives the 2 × 2 Hamiltonian
Subtracting E 2 from the diagonal and introducing the definitions δ ≡ Re[E 3 −E 2 − ω 0 ] and Γ ≡ −2Im[E 3 −E 2 ], we obtain
The characteristic polynomial of H exc is
and EPs occur when the discriminant of the polynomial vanishes:
Solving for E and δ, we obtain the critical values [46] :
Im
A.2.4. Additional results for 1D model
In the main text, we show an example of a potential with an EP. As the amplitude of the dressing laser approaches the EP, two absorption peaks merge and the peak is enhanced by a factor of four. In this section, we show another example of a toy potential with an EP. Here, the absorption actually vanishes at the EP. In order to demonstrate this result, we constructed the potential in a way that the probe laser couples to the metastable state with the shorter lifetime. Inverse C-product The inverse unconjugated inner product shows that the modes become self-orthogonal at the EP. The inset shows eigenvalue trajectories near the EP. (c) Absorption spectrum of a laser tuned to the 1 ↔ 4 transition for three field amplitudes: at E/EEP = 1 (blue), 4 (green), and 8 (red), where EEP is the EP amplitude. Table I : The ab-initio complex eigenenergies used in Fig. 3 in the main text. For comparison, we also show the results of [47] . Table II : Complex transition dipole moments [11] .
We use the same functional form of the potential as in the previous example [Eq. (A3)]. This time, the parameters are:
The potential and five lowest-energy states are shown in Fig. 5(a) . We construct the Floquet Hamiltonian and find the EP following the same steps as described above. The self-orthogonality factor and eigenvalue trajectories near the EP are shown in panel (b). The absorption spectrum near the EP is shown in panel (c). The blue curve depicts the spectrum when the detuning and amplitude of the dressing laser are tuned to the EP values. Clearly, the absorption vanishes at the degenerate resonance frequency.
A.3. Electronic-structure calculations for helium Figure A .6 presents the energy levels, lifetimes, and transition dipole moments of helium. We use these values in the calculations in Fig. 3 in the main text. These results were recently obtained by Kaprálová-Žďánská et. al. [11] , using full configuration interaction (CI) as a post-Hartree-Fock method, to account for the electronelectron correlation, in combination with complex scaling, to account for electron loss (ionization). The power of the calculation is the introduction of a new optimized set of Gaussian basis states, that significantly improves the convergence of the computation.
B: DERIVATION OF THE FANO FACTOR
In this appendix, we derive Eq. 
Next, let us define the symmetric and antisymmetric parts of our absorption formula as
where introduced the shorthand notation µ
By comparing Eq. (B1) and Eq. (B2) we find that 2q
The solution of Eq. (B3) yields the Fano asymmetry factor [Eq. (7)]. The sign of q is determined by the sign of Im µ 2 ij . When q > 0, the absorption is stronger at frequencies higher than the resonance frequency and weaker below the resonance. When q < 0, the contrary is true.
C: GREEN'S FUNCTION NEAR EPS
Near an EP, the non-Hermitian normal-mode expansion formula for the Green's function [Eq. (4)] breaks down. In this appendix, we review the derivation of the modified expansion formula which is valid at the EP, following [16] . Consider the parameter-dependent Hamiltonian:
where H 0 is defective (i.e., the point ξ = 0 is an EP in parameter space). At the EP, the set of eigenvectors is no longer a complete basis of the Hilbert space. To remedy this problem, we introduce additional Jordan vectors. At a second-order EP, the Jordan vector |j EP ) is defined via the chain relations
where ε EP and φ EP are the degenerate eigenvalue and eigenvector and the self-orthogonality condition [(φ EP |φ EP ) = 0] is automatically satisfied. Following [15] , we choose the normalization conditions (φ EP |j EP ) = ε −1 EP and (j EP |j EP ) = 0. Near the EP at ξ = 0, the Hamiltonian H(ξ) has a pair of nearly degenerate eigenenergies and nearly parallel eigenvectors. They can be approximated by a Puiseux series, which contains fractional powers in the small parameter ξ [15] :
Now, let us return to the modal expansion formula of G [Eq. (4)], which is valid for ξ = 0. Near the EP, the expansion is dominated by the two terms of the coalescing resonances. Keeping just these two terms in the sum, we can write
Next, we substitute the approximate expressions for |φ ± ) and ε ± [Eq. (C3)] into Eq. (C5) and, by carefully taking the limit of ξ → 0, we obtain [16] 
The double pole at ε EP dominates the absorption spectrum near the EP.
D: ABSORPTION SPECTRUM OF TIME-PERIODIC SYSTEM
In this appendix, we derive Eq. (10) from the main text. Our derivation is inspired by Ref. [24] , which analyzes scattering from a time-periodic potential. Consider an atom or molecule, which interacts with a laser at frequency ω 0 . The system is described by the Hamiltonian H 0 , whose eigenstates are Floquet states, as explained in the main text. The propagator of H 0 is defined via
We also introduce a weak laser, hereafter called "the probe," with frequency ω. The total Hamiltonian is
where the interaction term is V = Exe iωt . In order to derive Fermi-Floquet golden rule, we move to the interaction picture, where states and operators are defined as
Note that the total propagator, defined as
can be written as a product of the unperturbed and interaction-picture propagators:
The last statement can be verified by substituting Eq. (D5) into Eq. (D4), applying the chain rule to compute ∂ t U (t, t 0 ), and using Eq. (D1) and
Next, we compute the transition amplitude between Floquet states |Ψ f (t)) and |Ψ i (t)), where i and f are super-indexes which denote the field-free state and the channel. The transition amplitude is
We use a Dyson series to express the interaction-picture propagator, U I ,in terms of V I . Keeping terms up to the first order in V I , one obtains: 
The absorption spectrum can be found by taking the time average of the transition probability:
where T is a large integer multiple of the oscillation period 
The transition dipole moments between field-free states, (φ 
